In this note, we give two different proofs that relation algebra 52 65 is representable over a finite set. The first is probabilistic, and uses Johnson schemes. The second is an explicit group representation over (Z/2Z) 10 . We also give a finite representation of 59 65 over Z/113Z using a technique due to Comer.
Introduction
There are 65 finite integral symmetric relation algebras with exactly three diversity atoms. In Maddux's book [4] they are numbered 1 65 through 65 65 . For each such algebra, it is known whether it is representable or not. For those that are representable, whether representations are possible over finite sets is trickier, and it is not known for every such algebra. In this note we show that 52 65 and 59 65 are finitely representable.
Relation algebra 59 65
Relation algebra 52 65 has atoms 1 ′ , a, b, c, and diversity cycles aaa, bbb, acc, aab, aac, bcc, abc, but not ccc, abb, or cbb. (The identity cycles are 1
′ bb, and 1 ′ cc.) In any representation, b ∪ 1 ′ is therefore an equivalence relation on U. We prove the existence of a representation with exactly three equivalence classes. The argument is similar to the one given in [1] . Choose n ∈ ω large enough for what follows. Let U be the n-element subsets of a set with 3n − 4 elements. Randomly partition U into three sets S 0 , S 1 , S 2 . Let
i.e., z fails to witness the need ijk for the edge xy colored i. The probability (which is < 1 for all large enough n) that this is NOT a representation is
The situation with the smallest number of witnesses is (x, y) ∈ a with |x ∩ y| = 2, cycle acc. A witness is some z ∈ U with (x, z), (z, y) ∈ c, so z is not in the equivalences class(es) of x, y. The number of such z is smallest if x, y are in distinct classes. There are (n−2) 2 possible z's, and the probability that all of them are in the two equivalence classes of x, y is (2/3) (n−2) 2 -if we use three classes of the same size! So let's assume that |U| is divisible by 3, and pick a random partition of U that has three sets of the same sizeeach is a third of U. The number of such partitions is . Then we have
if n is large enough. A little Python script informs us that n = 13 suffices, giving 3n−4 n = 1476337800. Now, clearly, 1.4 billion points is more than necessary. Let's try abelian groups. If we are to partition an abelian group G = {0} ∪ A ∪ B ∪ C (with A being the image of a, etc) then B ∪ {0} is a subgroup and C is a maximal sum-free set, i.e., C + C = G \ C. Consider G = (Z/2Z) 10 , and consider the elements as bitstrings. Let
10 : x has between one and six 1s} and C = {x ∈ (Z/2Z) 10 : x has more than six 1s}.
It is not hard to check that X +X = G, X +C = G\{0}, and C +C = G\C. Now we seek a subgroup H ⊆ X ∪{0}, and let B = H \{0} and A = X \B. If H is large enough, we should have A + B = B + C = A ∪ C. (We should also check A + A = G and A + C = A ∪ B ∪ C, but those will almost certainly hold simply by cardinality considerations.)
The following is a list of the elements of B, the nonzero elements of a subgroup H that works. This relatively large subgroup was found by computer-assisted trial and error. H induces 16 equivalence classes, each one a B-colored clique of order 64. Relation algebra 59 65 has atoms 1 ′ , a, b, c, and diversity cycles aaa, acc, aab, aac, bcc, abc, and ccc, but not bbb or cbb. For 59 65 , we use a construction borrowed from Comer [3, 2] .
Let p = 113, and fix m = 8. For 0 ≤ i < m, let
where g = 3 is the smallest primitive root modulo p. X 0 is the (unique) multiplicative subgroup of (Z/pZ) × of index 8, and the other X i s are its cosets. The X i s form atoms of a relation algebra with forbidden cycles [X i , X i , X i ], [X i , X i , X i+6 ], and [X i , X i , X i+7 ]. The cycle structure does not depend on the choice of generator g, but the indexing of cosets does.
Let A = X 1 ∪ X 2 ∪ X 3 ∪ X 4 ∪ X 5 , and let B = X 0 and C = X 6 ∪ X 7 . Then we have the following: 3k+1 for arbitrarily large k? We were able to find a representation over (Z/2Z) 13 , again by trial and error. The difficulty is in constructing the subgroup H.
